Section 6.2

One-to-One Functions:

Inverse Functions



OBJECTIVE 1

T Determine Whether a Function Is One-to-One



State Population




DEFINITION

A function is one-to-one if any two different inputs in the domain correspond
to two different outputs in the range. That is, if x; and x, are two ditferent
inputs of a function f, then fis one-to-one if f(x;) # f(x»2).




Domain Range

One-to-one function:
Each xin the domain has

':'JI'IE and only one i!'l"IElQE Domain Range
in the range. No ¥in the _
range is the image of Not a one-to-one function:
X, and x P
1 2 Not a function:

x, has two images,
y, and y,



EXAMPLE

Determining Whether a Function Is One-to-One

Determine whether the following functions are one-to-one.

Student Car

() Dan »Saturn
John »Pontiac
Joe —74> Honda
Andy <

(b) {(1,5), (2,8), (3,11), (4.14)}



T heorem

Horizontal-line Test

If every horizontal line intersects the graph
of a function f in at most one point,
then f i1s one-to-one.

(x4, h) (X,, h) ﬂx1) = ﬂxz) = h and
h y=h x1 # x5 f isnot a

|
| _ one-to-one function.
X, \ X

|
|
|
X4




EXAMPLE

Using the Horizontal-line Test

For each function, use the graph to determine whether the function

IS one-to-one.

(a)

(b)




Theorem

A function that is increasing on an interval |
IS @ one-to-one function in |.

A function that Is decreasing on an interval |
IS a one-to-one function on I.




OBJECTIVE 2

2 Determine the Inverse of a Function Defined by a Map
or a Set of Ordered Pairs




DEFINITION

Suppose f is a one-to-one function. Then, to each x in the domain of f, there
is exactly one y in the range (because f is a function); and to each y in the
range of f, there is exactly one x in the domain (because f is one-to-one).
The correspondence from the range of f back to the domain of f is called the
inverse function of f. We use the symbol ! to denote the inverse of T.




EXAMPLE

Finding the Inverse of a Function Defined by a Map

Find the inverse of the following function. Let the domain of the
function represent certain students, and let the range represent the make
of that student’s car. State the domain and the range of the inverse

function.
Student Car
Dan »Saturn
John »Pontiac
Joe »Honda
Michelle anhrysIer




Finding the Inverse of a Function Defined
EXAMPLE by a Set of Ordered Pairs

Find the inverse of the following one-to-one function:

{(1,5), (2,8), (3,11), (4,14)}

State the domain and the range of the function and its inverse.



Domain of f Range of f

Range of ' Domain of £~

Domain of f = Range of ! Range of f = Domain of !




[nput x

Apply T

Input x

f(x)

hopmeal 0
.-""‘-FJ:ZJ W7

fH(x)

f(f(x)) = x where x s in the domain of f

f(f~'(x)) = x where x is in the domain of f ™




Verify that the inverse of g (x)=x>+2is g™ (x) =/x—2
by showing that g (g~ (x)) = x for all x in the domain of g
and g~ (g(x)) = x for all x in the domain of g *.



s (X)= o .

Verify that the inverse of f (x) = o
X

2X+1
For what values of x is f ( f‘l(x)) — X?

For what values of X is f ‘1( f (x)) — X?



Exploration

Simultaneously graph Y; = x, ¥, = %, and ¥; = ¥x on a square screen with —3 = x = 3. What do

you observe about the graphs of ¥, = x°, its inverse Y3 = Vx. and the line ¥, = x? Repeat this

1
experiment by simultaneously graphing ¥; = x, Y, = 2x + 3, and V5 = E(X — 3) ona square screen

with —6 = x = 3. Do you see the symmetry of the graph of Y5 and its inverse Y3 with respect to the
line Y; = x?




OBJECTIVE 3

3 Obtain the Graph of the Inverse Function from the Graph
of the Function




Theorem

The graph of a function f and the graph of its inverse
f ! are symmetric with respect to the line y = x.







EXAMPLE| Graphing the Inverse Function

The graph shown is that of a one-to-one function. Draw the
graph of the inverse.

(1,4




OBJECTIVE 4

4 Find the Inverse of a Function Defined by an Equation



EXAMPLE| Finding the Inverse Function

Find the inverse of f (x) — —%x+1.

Graph f and f * on the same coordinate axes.

Step-by-Step Solution

Ster 1 Replace f(x) with y. In
y = f(x), interchange the variables x
and y to obtain x = f(y). This equa-
tion defines the inverse function £
implicitly.

Ster 2 If possible, solve the
implicit equation for y in terms of x
to obtain the explicit form of £

y =)

o1eP 3 Check the result by showing
that £ (f(x)) = xand f(f ' (x)) = x.






EXAMPLE

The function

Finding the Inverse Function

f(x)= 2xX+_11’ X % —1

1S one-to-one. Find its inverse and check the result.



x + 1 + 1
Cthen F(x) = ——.
x — 1 x — 2

if fix) =

Compare the vertical and horizontal asymptotes of f and f .

. What did you find? Are you surprised?

2x + 1 x + 1

x — 1 fﬂ(x):x—l

N
__"-ﬁ.xlﬂl E.;_—_JI-\.\——.—.?




EXAMPLE | Finding the Range of a Function

Find the domain and the range of




EXAMPLE

Finding the Inverse of a Domain-restricted Function

Find the inverse of y = (x—l)2 Ifx>1.



Summary

1. If a function f is one-to-one, then it has an inverse function ',
2. Domain of f = Range of f'; Range of f = Domain of .
3. To verify that " is the inverse of f, show that f(f(x)) = x
for every x in the domain of f and f(f'(x)) = x
for every x in the domain of .
4. The graphs of f and ™' are symmetric with respect to the line y = x.

5. To find the range of a one-to-one function , find the domain of the inverse function f .
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