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8 1 Complex Numbers

Basic Concepts of Complex Numbers = Complex Solutions of
Equations = Operations on Complex Numbers

8.1-3
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Basic Concepts of Complex

Numbers
2 =-1=j=1-1

= |Is called the imaginary unit.

= Numbers of the form a + bi are called complex
numbers.
a Is the real part.

b Is the Imaginary part.

= at+tbi=c+diifandonlyifa=c and b =d.
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Complex
numbers
a + bi,

a and b real

Nonreal
complex
numbers
a + bi,
b#0
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numbers

a+ bi,
b=0

Irrational
numbers

Rational
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Basic Concepts of Complex

Numbers

= |fa=0andb #0, the complex number is a
pure imaginary number.

Example: 3i

= |[fa#0andb#0, the complex number is a
nonreal complex number.

Example: 7 + 2i

= A complex number written in the form a + bi or a
+ 1b Is written in standard form.
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The Expression +/—a

If a >0, then J-a =ia.
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AENEEI WRITING V-a AS iva

Write as the product of real number and I, using the
definition of v—a.

(a) \/T—l\/_ 4
(b) V=70 =i70
(c) V—48 =i\48 = i/16-3 = 4i/3

Copyright © 2009 Pearson Addison-Wesley s



SOLVING QUADRATIC EQUATIONS FOR
> Example 2 COMPLEX SOLUTIONS

Solve each equation.

(@) x*=-9 (b) x%+24=0
X =1v-9 X% =24
X = +i\/9 X = +/-24
X =3I X = ti~f24
Solution set: {£3i} X =2+iJ4-6
X = +2i/6

Solution set: {J_r2i\/§}
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SOLVING QUADRATIC EQUATIONS FOR
P> Example 3 COMPLEX SOLUTIONS
Solve 9x% +5 =6 x.

Write the equation in standard form, 9x% -6x+5=0
then solve using the quadratic formula with a = 9,
b=-6,andc =5.

b2 —dac  —(-B)%\(-6)% - 4(9)(5)

X =

2a B 2(9)
_ 64144 _6+12i _1+2i _1,2i
18 3 3 3

Solution set; {% %I}
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P Caution

When working with negative radicands,
use the definition v—a = iv/a before

using any of t

In particular, t

ne ot

ne ru

ner rules for radicals.

e Ve -vJd =+Jcd is

valid only when c and d are not both
negative.

For example /(—4)(-9) = /36 =6,

while <-4 - ﬁ

2i( 3:) 6i% = —6,

SO /-4 /-9 = J(-4)(-9
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FINDING PRODUCTS AND QUOTIENTS
P> Example 4 INVOLVING NEGATIVE RADICANDS
Multiply or divide as indicated. Simplify each answer.
(@) N7 N7 =iNT -iNT=7i*=-7

(b) V=6 -v/=10=i/6-i\10 = i>\/60 =i*/4-15
= 2i%\[15 = -2/15
© =020 _ fig

J-2

48 _ /48 _ .
(d) \/ﬂ_\/ﬂ_ﬁ
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SIMPLIFYING A QUOTIENT INVOLVING
> Example 5 A NEGATIVE RADICAND

Write —8+ 4"_128 in standard form a + bi.

—8+-128 _ —8+/-64-2

4 4
_ -8+8i/2 .
= 4 V—64 = 8j

4 (—2 +2i2 )
= 4 Factor.

— 2422
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Addition and Subtraction of
Complex Numbers

For complex numbers a + bi and c + di,

(@a+bi)+(c+di)=(a+c)+(b+d)i
(@a+bi)—(c+di)=(a—c)+(b—-d)i
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ADDING AND SUBTRACTING COMPLEX
P Example 6 NUMBERS

Find each sum or difference.

(@) (3 — 4i) + (=2 + 6i) = [3 + (=2)] + (~4i + 6i)
=1+ 2]
(b) (=9 + 7i) + (3 — 15i) = —6 — 8i

(©) (-4+3)—(6-7) =(-4-6)+[3- (-7
=-10 + 10i

(d) (12 — 5i) — (8 — 3i) + (=4 + 2i)
= (12 — 8 — 4) + (=5 +3 + 2),
=0+0i=0
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Multiplication of Complex

Numbers

(a+bi)(c+di)= ac + adi + bei + bdi?
=ac+(ad +bc)i + bd(-1)
=(ac—-bd)+(ad +bc)i
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> Example 7 MULTIPLYING COMPLEX NUMBERS

Find each product.

(a) (2 — 3i)(3 + 4i) = 2(3) + (2)(4i) + (=3i)(3) + (=3i)(4i)
= 6 + 8i — 9 — 122
= 6 —i — 12(~1)
=18 — |

(b) (4 + 3i)? = 42 + 2(4)(3i) + (3i)?
= 16 + 24i + 9i°
=16 + 24i + 9(-1)
=7 + 24|
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> Example 7 MULTIPLYING COMPLEX NUMBERS

(C) (2 +i)(=2—i) =—-4-2i—2i—

= —4 — 4i — (-1)
=4 —4i+1
=3 - 4i

(d) (6 + 5i)(6 — 5i) = 62— (5i)°
= 36 — 25i°
=36 — 25(-1)
=36 + 25
=61 or 61 + Oi
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> Example 7 MULTIPLYING COMPLEX NUMBERS
(cont.)

This screen shows how the TI-83/84 Plus displays
the results found in parts (a), (b), and (d) in this
example.

C2=31 2 C3+41. )

| 151,
(4+3i )2 |

, 724,
(E+5 ) (5=, 3

&1
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SENEREIN SIMPLIFYING POWERS OF |

Simplify each power of I.

(@) i"° (b) i~® (c) _13

Writ4e the given power as a product mvolvmg % =—1
ori”=1.

(@) i"°=i12./%= (:’4)3 (i2 -i)= 13 (=i) = —i

3
(c) _13 13=i12-i=(i4) q=1i=
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Powers of |

10 = _1

11 =

=1il2=1, and so on.
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Property of Complex Conjugates

For real numbers a and b,

(a+ bi)(a-bi)=a? + b?
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2SENERIEN DIVIDING COMPLEX NUMBERS

Write the quotient in standard form a + Dbi.

3+2i  3+2i 5+i g/lultiply thte ngmtehrator anld
— = — . enominator by the complex
O—1 SO—1 O+ conjugate of the denominator.
15+ 3/ +10i + 2i? |
— 5 Multiply.
25—
_13+13i |
~ 26 f=-t
13(1+1/)

= 26 Factor.
= 1 + 1i Lowest terms; standard form

2 2
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2SENERI)N DIVIDING COMPLEX NUMBERS

Write the quotient in standard form a + Dbi.

§ — §—_ Multiply the numerator and
] j —j denominator by the complex
conjugate of the denominator.
_=3i _ -3 -
— —i2 _T Multiply. ic=-1

=-3/i or 0—3i Standard form

This screen shows how  [¢~F<V 272/ HFra

the T1-83/84 Plus . 12412,
1

displays the results in -3,
this example.
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Trigonometric (Polar) Form

of Complex Numbers

The Complex Plane and Vector Representation = Trigonometric
(Polar) Form = Converting Between Rectangular and
Trigonometric (Polar) Forms = An Application of Complex
Numbers to Fractals
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The Complex Plane and Vector

Representation

= Horizontal axis: real axis
= Vertical axis: Imaginary axis

Imaginary axis

Yy
A

Each complex number a + bi
determines a unique position | T, Rea
vector with initial point (0, 0) "%\2'_;5
and terminal point (a, b). ST P

—
——
—

- 9 Real axis
| |
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The Complex Plane and Vector

Representation

The sum of two complex numbers is represented
by the vector that is the resultant of the vectors
corresponding to the two numbers.

(4+1)+(1+31)=5+4

> X
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S0 [ EXPRESSING THE SUM OF COMPLEX
NUMBERS GRAPHICALLY

Find the sum of 6 — 2i and —4 — 3i. Graph both

complex numbers and their resultant.

(6 — 2i) + (=4 — 3i) = 2 — 5i

y
-4 2 OA 2 4 6
R N e T
-4-3; _ 6-2
n e
Ve
g v
1 2-5i
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Relationships Among X, vy, r, and 6.

X =rcosfé y =rsing

r=\/x2+y2 tan¢9=%,ifx¢0

y
A
P
X +yi
|
r |y
|
0 9 X I_I == Y
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'he expression r(cos @ +1 sin 0) is called
the trigonometric form (or polar form) of
the complex number x + yi.

The expression cos @+ 1sin @is
sometimes abbreviated cis 6.

Using this notation, r(cos @ + 1 sin 0) is
written r cis 6.

The number r is the absolute value (or modulus)
of X + yi, and 0 Is the argument of x + yi.
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CONVERTING FROM TRIGONOMETRIC
> Example 2 FORM TO RECTANGULAR FORM

Express 2(cos 300° + 1 sin 300°) in rectangular form.

cos 300° = 1 sin300° = _ﬁ
2 2
2(cos300° +/sin300°) = 2[% _ ,g}
=1-iJ3
The graphing calculator ZiCostaEE Hi. 51Nt
screen confirms the Sae )

: . 1-1.73205682@8.
algebraic solution. The -3

. . _ -1. 732858263
Imaginary part is an
approximation for —J3.
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Step 1 Sketch a graph of the number x + yi
In the complex plane.

Step 2 Find r by using the equation
r = \/x2 +y?.
Step 3 Find 6 by using the equation

tand ==, x # 0, choosing the
quadrant iIndicated in Step 1.
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P Caution
Be sure to choose the correct

guadrant for @ by referring to the
graph sketched in Step 1.
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CONVERTING FROM RECTANGULAR
Exampl
P Exa ple 3(a) FORM TO TRIGONOMETRIC FORM

Write =3 +1 in trigonometric form. (Use radian

measure.) )
Step 1:
Sketch the graph of —v3 +i B
in the complex plane. yo1l NP )57
m C
c=-A3 0
Step 2:

x=—-J3 and y =1, sor:\/x2+y2 :\/(—\/§)Z+12 =2
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CONVERTING FROM RECTANGULAR
'bEbGankEEKa) FORM TO TRIGONOMETRIC FORM

(continued)

tang=Y o1 _ 3
Step 3: tane—x—_s— 3 \
The reference angle for 9 is % B :
NG
y =1 o
The graph shows that 8 is in . NS
Y/ x=-V3 0

quadrant Il, so 6 = 7 —

6 6
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CONVERTING FROM RECTANGULAR
> Example 3(b) FORM TO TRIGONOMETRIC FORM

Write —3i in trigonometric form. (Use degree measure.)

Sketch the graph of =3i in }
the complex plane. I
0 =270°
x=0andy=-3, so TN .
- > B 5 _ | 1\2_ |1 | |
r—\/O +(-3)" =3. .

We cannot find 6 by using tang = % ¥ 0-3
because x = 0.

From the graph, a value for 6is 270 .

-3 =3(cos270°+isin270°)=3cis270°
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CONVERTING BETWEEN

> Example 4 TRIGONOMETRIC AND RECTANGULAR
FORMS USING CALCULATOR
APPROXIMATIONS

Write each complex number in its alternative form,
using calculator approximations as necessary.

(a) 6(cos 115 +isin115) =-2.5357 + 5.4378i

BocosC115%
_ -2 . o3araasy

E=1htl115>
D.4378467°22
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CONVERTING BETWEEN

> Example 4 TRIGONOMETRIC AND RECTANGULAR
FORMS USING CALCULATOR
APPROXIMATIONS (continued)

(b) 5 —4i A
A sketch of 5 — 41 shows that 6 T
must be in quadrant V. 6=321347 = s
L IO 1T 1T 1T 1 > X
= \/52 T (_4)2 = \/H %ﬁm
__4
tan@ = 5

The reference angle for 6 is approximately —38.66 .
The graph shows that 6 is in quadrant IV, so
6=360 —38.66 =321.34 .

5 4j = J41cis321.34°
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DECIDING WHETHER A COMPLEX
> Example 5 NUMBER IS IN THE JULIA SET

The figure shows the fractal called the Julia set.

Source: Figure from Crownover, R., Introduction to Fracials and Chaos. Copyright
© 1995. Boston: Jones and Bartlett Publishers. Reprinted with permission.

To determine if a complex number z = a + bi belongs
to the Julia set, repeatedly compute the values of

7% -1 (22—1)2—1, [(22—1)2—1}2—1,
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DECIDING WHETHER A COMPLEX
> Example 5 NUMBER IS IN THE JULIA SET (cont.)

Source: Figure from Crownover, R., Introduction to Fractals and Chaos. Copyright
© 1995. Boston: Jones and Bartlett Publishers. Reprinted with permission.

If the absolute values of any of the resulting complex
numbers exceed 2, then the complex number z is not
In the Julia set. Otherwise z is part of this set and the
point (a, b) should be shaded in the graph.
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DECIDING WHETHER A COMPLEX
P> Example 5 NUMBER IS IN THE JULIA SET (cont.)
Determine whether each number belongs to the Julia
set.

(@) z=0+0i
z=0+0/i=0
72_1-02_1=—-1 The calculations
2 _ _
(22_1) _12(_1)2_120 repeat as 0, -1, 0, -1,

and so on.
5 2
[(22—1) -1} —1=0%2-1=-1

The absolute values are either O or 1, which do not
exceed 2, so 0 + Oi is in the Julia set, and the point
(0, 0) Is part of the graph.
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DECIDING WHETHER A COMPLEX
> Example 2 NUMBER IS IN THE JULIA SET (cont.)
(b) z=1+1i

22 1= (14191 =1=(1+2i +i%) - 1=~1+2i

The absolute value is \/(—1)2 +2% =5,

J5>2 so1+1iis notin the Julia set and (1,1)1s
not part of the graph.

Copyright © 2009 Pearson Addison-Wesley G220



LIAL
HORNSBY
SCHNEIDER

Trigonometry

Complex
Numbers,
Polar
Equations,
and
Parametric
Equations

PEARSON

Copyright © 2009 Pearson Addison-Wesley Education



Complex Numbers, Polar Equations,

and Parametric Equations

8.1 Complex Numbers

8.2 Trigonometric (Polar) Form of Complex
Numbers

8.3 The Product and Quotient Theorems

8.4 De Moivre’s Theorem; Powers and Roots of
Complex Numbers

8.5 Polar Equations and Graphs

8.6 Parametric Equations, Graphs, and
Applications

Copyright © 2009 Pearson Addison-Wesley 8.3-2



The Product and Quotient

Theorems

Products of Complex Numbers in Trigonometric Form =
Quotients of Complex Numbers in Trigonometric Form

8.3-3
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If r,(cos 6, +isin6,) and r, (cosd, +isinb,)
are any two complex numbers, then

ry(cos6, +ising,)|-| ry(cos6, +ising,)|
=1y, | cos (6 +6,) +isin(6;+65) |

In compact form, this is written
(rycis6y)(r, Cis6,) = ryry cis (6, + 6,).
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2SEINENEN USING THE PRODUCT THEOREM

Find the product of 3(cos 45° + 1 sin 45°) and
2(cos 135° + 1sin 135°). Write the result in

rectangular form.
| 3(cos45°+isin45°) || 2(cos135° +isin135°) |
=3-2| cos(45° +135°) + i sin(45°+135°) |
= 6(cos180° +isin180°)
=6(-1+i-0)
= -6
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If r,(cos 6, +isin6,) and r, (cosd, +isiné,)
are any two complex numbers, where
r,(cosé, +ising,)# 0, then

r;(cos @, +isin6,)

r,(cos 6, +isiné,)

r L
r; (cos (60— 6,)+isin(6-6,)].

In compact form, this is written

r, CIS O I
1 . 1 _—10|S(91—92).
r,Cist, r,
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2SEINEVAN USING THE QUOTIENT THEOREM

10cis(-60°)

Ecis150° Write the result in

Find the quotient
rectangular form.

10cis(-60°) 10 .. . .
5cis150° 5 05 (~60°~150°)

= 2cis(—210°)
= 2[ cos(-210°) + i sin(-210°) |
=2 V3 + i(1)

2 2

= -3+
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2100 e USING THE PRODUCT AND QUOTIENT
THEOREMS WITH A CALCULATOR

Use a calculator to find the following. Write the results

In rectangular form.

(a) (9.3cis125.2°)(2.7 cis 49.8°)
=9.3(2.7)cis(125.2° + 49.8°)
=25.11cis175°
= 25.11(cos175° +isin175°)
~25.11] -.99619470 +/(.08715574) |
~—-25.0144 +2.1885i
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} Example 3 USING THE PRODUCT AND QUOTIENT
THEOREMS WITH A CALCULATOR
(continued)

10.42(0033—”+isin3—”)

b 4 4
(b) 5.21(cos%+isin%)
=957 cos (-] rsn(-5)

= olcos 7 4 jsin1Z
—2(cos 50 +1/SIin 20)

~—.3129+1.9754i

Copyright © 2009 Pearson Addison-Wesley 8.3-9



LIAL
HORNSBY
SCHNEIDER

Trigonometry

Complex
Numbers,
Polar
Equations,
and
Parametric
Equations

PEARSON

Copyright © 2009 Pearson Addison-Wesley Education



Complex Numbers, Polar Equations,

and Parametric Equations

8.1 Complex Numbers

8.2 Trigonometric (Polar) Form of Complex
Numbers

8.3 The Product and Quotient Theorems

8.4 De Moivre’s Theorem; Powers and Roots of
Complex Numbers

8.5 Polar Equations and Graphs

8.6 Parametric Equations, Graphs, and
Applications

Copyright © 2009 Pearson Addison-Wesley 8.4-2



g 4 De Moivre’s Theorem; Powers

and Roots of Complex Numbers

Powers of Complex Numbers (De Moivre’s Theorem) = Roots of
Complex Numbers

Copyright © 2009 Pearson Addison-Wesley .43



If r (cos@ +isind)is a complex number,
then

[r (cos@ +isin 6’)]” =r" (cosné +isinng).

In compact form, this is written
[rcis@]” =r" (cisng).

Copyright © 2009 Pearson Addison-Wesley



} Example 1 FINDING A POWER OF A COMPLEX
NUMBER

8
Find (1+i\/§) and express the result in rectangular
form.

First write 1+ i~/3 in trigonometric form.

r = \/12 +(\/§)2 =2 and tan@ = /3.

Because x and y are both positive, € is in quadrant |,
so 6 =60 .

1+i/3 = 2cis60°
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FINDING A POWER OF A COMPLEX
NUMBER (continued)
Now apply De Moivre’s theorem.
(1 + i\/§)8 = [2(cos60°+isin60°) |
=2°[ cos(8-60°)+isin(8-60°)]
= 256 (cos480° + i sin480°)
= 256(c0s120° + i sin120°)

480 and 120 are coterminal.

=256[—1+i£J

2 2
=-128 +1 28i\/§ Rectangular form

Copyright © 2009 Pearson Addison-Wesley a0



nth Root

For a positive integer n, the complex
number a + bi is an nth root of the
complex number X + yi if

(a+bi)" =x+yi
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If n Is any positive integer, r Is a positive
real number, and 0 is in degrees, then the
nonzero complex number r(cos 6 + i sin 6)
has exactly n distinct nth roots, given by

Ur (cosa +isine) or ¥rcise,
where

oy 0+360°k 6 360°k
n n n
k=0,12 ..., n-1

Copyright © 2009 Pearson Addison-Wesley



P Note

In the statement of the nth root theorem,
If @ 1s In radians, then

49_|_27zk_
n

or o=

94

_ 0+ 2k
n
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S EEWA FINDING COMPLEX ROOTS

Find the two square roots of 4i. Write the roots in
rectangular form.

Write 4i in trigonometric form: 4/ = 4(003% +1/sin %)

_ _ T
r=4 0= 5

The square roots have absolute value J4 =2
and argument

27K

_|_

o =

NN

nk
5 —4+7zk.
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ISENEMAN FINDING COMPLEX ROOTS (continued)

Since there are two square roots, let k =0 and 1.

fk=0 thena=2%+7.0=2%

4 4
_ _ T 427
If k =1, thena—4+7z1 4

Using these values for «, the square roots are

Y/
ZCISZ and 2cis—— 4
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ISENEMAN FINDING COMPLEX ROOTS (continued)

ZCiS% — 2(cos%+isin%) - 2(@”@} —J2 +iJ2

4 4 4
=2 -i2

2¢cisZ = (0035—”+Ism5—7[) (—Q— Iéj

Copyright © 2009 Pearson Addison-Wesley gtz



ASENEREN FINDING COMPLEX ROOTS

Find all fourth roots of —8 + 8i\/§. Write the roots In
rectangular form.

Write —8 + 8i+/3 in trigonometric form:

2
r= \/(—8)2 +(8v3)" =256 =16
tan@:%:—ﬁ:@ﬂzoo
-8 +8i+/3 = 16¢is120°

The fourth roots have absolute value % =2

and argument 1909 ]
o — 0 +360 - K

4 4

=30°+90°- k.
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SENERIN FINDING COMPLEX ROOTS (continued)

Since there are four roots, let k =0, 1, 2, and 3.
If k=0, then o =30°+90°-0 = 30°.
If Kk =1 then o« =30°+90°-1=120°.
If Kk =2, then o =30°+90°-2=210°.
If k=3, then a =30°+90°-3 =300°.

Using these values for a, the fourth roots are
2cis 30 ,2cis 120, 2 cis 210 , and 2 cis 300 .
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SENERIN FINDING COMPLEX ROOTS (continued)

2¢is30° = 2(cos 30° +isin30°) = 2[@+i%} =3 +i

20is120°=2(cos120°+isin120°)=2(—%“(&)}
=—1+iV/3
20i3210°=2(cosZ10°+isin210°)=2(—@“
=3 -
" o _ 0] O 1 \/_
2¢is 300° = 2(cos 300° +isin300°) = 2 >+

2
=1-iy/3

Copyright © 2009 Pearson Addison-Wesley
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SENERIN FINDING COMPLEX ROOTS (continued)

The graphs of the roots lie on a circle with center at
the origin and radius 2. The roots are equally spaced
about the circle, 90 apart.

) 2 cis 300°

Copyright © 2009 Pearson Addison-Wesley 9410



} Example 4 SOLVING AN EQUATION BY FINDING
COMPLEX ROOTS

Find all complex number solutions of x> —i = 0. Graph
them as vectors in the complex plane.

X2 -1=0= x° =1

There Is one real solution, 1, while there are five
complex solutions.

Write 1 in trigonometric form:
1=1+0i=r=1and tan6=0=6=0°

1=1(cos0°+isin0°)

Copyright © 2009 Pearson Addison-Wesley



P Example 4 SOLVING AN EQUATION BY FINDING
COMPLEX ROOTS (continued)
The fifth roots have absolute value Y1 =1 and
argument
o = 0° N 360° -k
) )
Since there are five roots, letk =0, 1, 2, 3, and 4.
If k=0, then o« =72°-0 =0°.
If k=1 then a =72°-1=72°.
fk=2 then a =72°-2=144°.
fk=3, then ¢ =72°-3 =216°.
fk=4, then ¢ =72°-4 = 288°.
Solution set: {cis0 , cis 72 , cis 144 , cis 216 , cis 288 }

Copyright © 2009 Pearson Addison-Wesley
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S0 WA SOLVING AN EQUATION BY FINDING
COMPLEX ROOTS (continued)

The graphs of the roots lie on a unit circle. The roots

are equally spaced about the circle, 72 apart.

>

1] 1(cos 72° + i sin 72°)

1(cos 144° + i sin 144°)

1(cos 0° + i sin 0°)

~1| 1(cos 288° + i sin 288°)

Copyright © 2009 Pearson Addison-Wesley gate
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Complex Numbers, Polar Equations,

and Parametric Equations

8.1 Complex Numbers

8.2 Trigonometric (Polar) Form of Complex
Numbers

8.3 The Product and Quotient Theorems

8.4 De Moivre’s Theorem; Powers and Roots of
Complex Numbers

8.5 Polar Equations and Graphs

8.6 Parametric Equations, Graphs, and
Applications
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g § Polar Equations and Graphs

Polar Coordinate System = Graphs of Polar Equations =
Converting from Polar to Rectangular Equations = Classifying
Polar Equations

Copyright © 2009 Pearson Addison-Wesley 8.5-3



Polar Coordinate System

The polar coordinate system is based on a point,
called the pole, and a ray, called the polar axis.

Pole

® =
Polar axis

i

P(x,y)
P(r,0)

r>0
y

Copyright © 2009 Pearson Addison-Wesley 8.5-4



Polar Coordinate System

= Point P has rectangular
coordinates (X, V).

= Point P can also be located by
giving the directed angle 6 from
the positive x-axis to ray OP
and the directed distance r
from the pole to point P.

= The polar coordinates of point

P are (r, 6).

Copyright © 2009 Pearson Addison-Wesley
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P(x,y)
P(r,0)

r>0
y
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Polar Coordinate System

= |fr>0, then point P lies on the
terminal side of 6.

= |fr<0, then point P lies on the
ray pointing in the opposite
direction of the terminal side of
0, a distance |r| from the pole.

Copyright © 2009 Pearson Addison-Wesley
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0

(r, 0)

r>0

> X

(_r! 6)

O
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If a point has rectangular coordinates
(X, ¥) and polar coordinates (r, 6), then
these coordinates are related as follows.

X =rcosé y =rsing

re = x? + y? tanez%, if x =0

Copyright © 2009 Pearson Addison-Wesley



} Example 1 PLOTTING POINTS WITH POLAR
COORDINATES

Plot each point by hand in the polar coordinate
system. Then, determine the rectangular coordinates
of each point. ,
A
(@) P(2,30)
r=2and 6=30, so

| | | -P(2,30°)
point P Is located 2 units 1_%
from the origin in the o S - x

positive direction making g
a 30 angle with the
polar axis.

e
—
—

—
—
—
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P Example 1

PLOTTING POINTS WITH POLAR
COORDINATES (continued)

Using the conversion formulas: f

X =rcosd y =rsing ::P(2, 30°)

X =2c0s30° y =2sin30° IZM;:
1 ] B L e

B

The rectangular coordinates are (\/51)

Copyright © 2009 Pearson Addison-Wesley
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P Example 1 PLOTTING POINTS WITH POLAR
COORDINATES (continued)

2
©) a4 ;
Since r is negative, Q is 4 Il o
units in the opposite 7\
direction from the pole on an TR
. 2 1 ¥ -
extension of the < ray. 1 3&?(_4, 2r)
_ 27 _ 41 |
X =—-4cos—- 3 4( 2) =2
y——4S|n2?fZ —4(‘/25) 23

The rectangular coordinates are (2,—2\/5 )
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P Example 1 PLOTTING POINTS WITH POLAR
COORDINATES (continued)

c) R 5,—£ A

©) R(5.-%] i

Since 6 is negative, the 1
angle is measured in the + 1

clockwise direction. "' llo\q\(':)
+ R 5’_Z
_ T /) _5J2 T
X—5COS( 4) 5COS( 4) 5

_Ecinl_Z% [ _5\/5
X—5SIn( 4) 53|n(4) 5

The rectangular coordinates are (— ——).
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P Note

While a given point in the plane can
have only one pair of rectangular

coordinates, this same point can

have an infinite number of pairs of
polar coordinates.
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OS] GIVING ALTERNATIVE FORMS FOR
COORDINATES OF A POINT
(a) Give three other pairs of polar coordinates for the
point P(3, 140 ).

Three pairs of polar coordinates for the point
P(3, 140 ) are (3, -220 ), (-3, 320 ), and (-3, —40 ).

y
A

140°
S
—22(10;% —_40°

Copyright © 2009 Pearson Addison-Wesley I



“HSCT00) WA GIVING ALTERNATIVE FORMS FOR
COORDINATES OF A POINT (continued)
(b) Determine two pairs of polar coordinates for the
point with the rectangular coordinates (-1, 1).

The point (-1, 1) lies in quadrant II.

Since tané = d_ —1, one possible value for 61s 135 .

_1 o
F=yJ(=12+12 =2

Two pairs of polar coordinates are (\/5,1350) and

(-v2,315°)

Copyright © 2009 Pearson Addison-Wesley



Graphs of Polar Equations

An equation in which r and 6 are the variables is a
polar equation.

Derive the polar equation of the line ax + by = c as

follows:
ax+by=c

- _ Convert from rectangular
a (I’ COS 9) +b (r Sin 9) =C to polar coordinates.

r(acos@+bsind)=c Factoroutr.

r = C General form for the
B acoséd+bsiné polar equation of a line

Copyright © 2009 Pearson Addison-Wesley 8.5-15



Graphs of Polar Equations

Derive the polar equation of the circle x* + y? = a? as
follows:
X2+ y? = a2

rzzaz r2:x2+y2

r =+a General form for the
polar equation of a circle

Copyright © 2009 Pearson Addison-Wesley 8.5-16



} Example 3 EXAMINING POLAR AND
RECTANGULAR EQUATION OF LINES
AND CIRCLES

For each rectangular equation, give the equivalent
polar equation and sketch its graph.

(@) y=x-3
In standard form, the equationisx—y =3,so0a =1,
b=-1,and c = 3.

The general form for the polar equation of a line is
C

acosd +bsin@

F =

3
cosd —siné

y =X —3Is equivalentto r =

Copyright © 2009 Pearson Addison-Wesley



} Example 3 EXAMINING POLAR AND
RECTANGULAR EQUATION OF LINES

AND CIRCLES (continued)

y
A
e
| Il { -10

y=x-3 (rel:tangular}
_ 3
"= CosO—sind (polar)

Copyright © 2009 Pearson Addison-Wesley
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Fi=Z/(Cos(a)-sincail

-10

Polar graphing mode
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26 e EXAMINING POLAR AND
RECTANGULAR EQUATION OF LINES
AND CIRCLES (continued)

(b) x°+y° =4

This Is the graph of a circle with center at the origin

and radius 2.

x2+y2=4:>r2=4=>r=i2

Note that in polar coordinates it is possible for r < 0.

X% + y2 =4 |s equivalenttor=2 orr =-2.

Copyright © 2009 Pearson Addison-Wesley S



} Example 3 EXAMINING POLAR AND
RECTANGULAR EQUATION OF LINES

AND CIRCLES (continued)

b x —4.7

x2+y?=4 (i'ectangular)
r = 2 (polar)

Copyright © 2009 Pearson Addison-Wesley

3.1

Fi=2

4.7

-3.1

Polar graphing mode
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“SSET L GRAPHING A POLAR EQUATION
(CARDIOID)

Graph r =1+ cosé.

Find some ordered pairs to determine a pattern of
values of r.

7 0° 30° | 45° | 60° | 90° | 120°
cos 6 1 9 7 5 0 -.5
r =1+cosé@ 2 1.9 1.7 1.5 1 5
7 135° | 150° | 180° | 270° | 315° | 330°
cos 6 -7 -9 -1 0 A 9
r =1+cos@ 3 N 0 1 1.7 1.9
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“SUSETY LW GRAPHING A POLAR EQUATION
(CARDIOID)

Connect the points in order from (2, 0 ) to (1.9, 30 )
to (1.7, 48 ) and so on.

90°

r="1+cos0-; ™.

:_ :_ .II:_'.--'.-._Ihl-?—‘I weriney, \ o
R S :
'_ .1 ". . . ’o .,

.................
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> Example 4 GRAPHING A POLAR EQUATION
(CARDIOD) (continued)

Choose degree mode and graph values of @ in the

interval [0 , 360 ].

LI THOIOL LI THDOL)
2rin=H T8=ster=5
Bmax=364 Amin=-Z. 35
Bster=20 AMax=2. 33
AMiIR= 2. 35 Ascl=1
ARMaxK=2. 30 Ymin=-1.35
Ascl=1 Ymax=1.23

A¥min=-1.3% Yacl=1

This i1s a continuation of
the previous screen.

1.55

ri=1+casia)

-2.35|— ' E : 2.35

-1.55
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P Example 5

Graph r = 3cos 26.

Find some ordered pairs to determine a pattern of

GRAPHING A POLAR EQUATION
(ROSE)

values of r.

v, 0° 15° | 30° | 45° | 60° | 75°
20 0° 30° | 60° | 90° [120°| 150°

cos 26 1 9 0 0 -5 | -9
r=3cos20 | 3 26 | 15 0 [-1.5]| -2.6
0 90° | 105° [ 120°| 135° | 150° | 165°
20 180° | 210° | 240° | 270° [ 300° | 330°

cos 260 -1 -9 | -5 0 5 9

r =3cos20 -3 | 26 |-1.5 0 1.5 2.6
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> Example 5 GRAPHING A POLAR EQUATION
(ROSE) (continued)

Connect the points in order from (3, 0 ) to (2.6, 15 )
to (1.5, 30 ) and so on. Notice how the graph is
developed with a continuous curve, starting with the
upper half of the right horizontal leaf and ending with

the lower half of that leaf.

9}3"'
LI = 3 cos 20; >
T Fi=Zcasizhl

° -4.7 4.7

ol 31
270° Polar graphing mode
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GRAPHING A POLAR EQUATION
(LEMNISCATE)

Graph r’ = cos20.

Find some ordered pairs to determine a pattern of
values of r.

Values of 6 for 45 <6 <135 are not included in the
table because the corresponding values of 26 are

negative. Values of 6 larger than 180 give 26 larger
than 360 and would repeat the values already found.

Z 0° | 30° | 45° | 135° [150°| 180°

20 0° | 60° | 90° | 270° |300°| 360°
cos 26 1 S 0 0 5 1
r=+Jcos20 | 1 | 7 | 0 0 | 7| =1
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P Example 6 GRAPHING A POLAR EQUATION
(LEMNISCATE) (continued)

Copyright © 2009 Pearson Addison-Wesley 8.5-27



P Example 6 GRAPHING A POLAR EQUATION
(LEMNISCATE) (continued)

To graph r? = cos 20 with a graphing calculator, let

r, =~/cos260 and r, = —/cos 26.

Flokl Flake Flokz

1Bl Ccos (280 )
~rrB -l CcosCZ280 )
Mokt

Y=

W E =

Nl

Copyright © 2009 Pearson Addison-Wesley
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} Example 7 GRAPHING A POLAR EQUATION
(SPIRAL OF ARCHIMEDEYS)

Graph r = 26, (6 measured in radians).

Find some ordered pairs to determine a pattern of

values of r.

Since r = 26, also consider negative values of 6.

Jr T
6 — —_— —_
& 2 4

E
3

7
2

2

r=20 | 63 | -3.1 | —1.6

7
6
l

2.1

3.1

6.3

12.6
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} Example 7 GRAPHING A POLAR EQUATION
(SPIRAL OF ARCHIMEDES) (continued)

Fi=za

- () ~10

)

-

27 <0 L 27

-~ More of the spiral can be seen
in this calculator graph.

Copyright © 2009 Pearson Addison-Wesley
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"SRl CONVERTING A POLAR EQUATION TO
A RECTANGULAR EQUATION

Convert the equation r = 4. to rectangular
| 1+sind
coordinates and graph.
r = 4
1+ sind PERUR
r+rsind =4 Multiply both sides by
\/x2+y2+y=4 r=\/x2+y2,y:rsin6’
IxP+y?=4-y
2, .2 _ 2 .
X“+yT = (4 — y) Square both sides.
X?+y?=16-8y+y?  Expand.
x4 =-8y +16
2

xX° =-8 (y — 2) Rectangular form
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“SUSET Rl CONVERTING A POLAR EQUATION TO
A RECTANGULAR EQUATION (cont.)

! 10
A F1=4/(1+5in(al)

X -10 7£l< 0

-10
0° <6 <360°

T I =1 I

The graph is plotted
with the calculator In
polar mode.
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Classifying Polar Equations

Circles and Lemniscates

— Q T.Q N

r=acosf r=asin 6 r2 =a®sin 26 r? = a® cos 26

Copyright © 2009 Pearson Addison-Wesley



Classifying Polar Equations

Limacons

r=atbsin@ orr=atbcosd

e | I Y e
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Classifying Polar Equations

Rose Curves

2n leaves If n IS even, n leaves if n i1s odd
n=2
n=72 n=4 n=3 n=>5
r=asinnf r=acosnb r=acosnf r=asinnb

Copyright © 2009 Pearson Addison-Wesley 8.5-35
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Complex Numbers, Polar Equations,

and Parametric Equations

8.1 Complex Numbers

8.2 Trigonometric (Polar) Form of Complex
Numbers

8.3 The Product and Quotient Theorems

8.4 De Moivre’s Theorem; Powers and Roots of
Complex Numbers

8.5 Polar Equations and Graphs

8.6 Parametric Equations, Graphs, and
Applications
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Parametric Equations, Graphs,

and Applications

Basic Concepts = Parametric Graphs and Their Rectangular
Equivalents = The Cycloid = Applications of Parametric Equations

Copyright © 2009 Pearson Addison-Wesley 862



A plane curve Is a set of points (X, )

such that x = f(t), y = g(t), and f and g are
both defined on an interval |.

The equations x = f(t) and y = g(t) are
parametric equations with parameter t.

Copyright © 2009 Pearson Addison-Wesley



} Example 1 GRAPHING A PLANE CURVE DEFINED
PARAMETRICALLY

Let x =t?and y = 2t + 3 for t in [-3, 3]. Graph the set
of ordered pairs (X, ).

Make a table of
corresponding values
of t, X, and y over the
domain of t. Then plot
the points.
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} Example 1 GRAPHING A PLANE CURVE DEFINED
PARAMETRICALLY (continued)

The arrowheads indicate the direction the curve

traces as t Increases.

3 } for fin [-3, 3]
9,9)
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} Example 1 GRAPHING A PLANE CURVE DEFINED
PARAMETRICALLY (continued)

WIHOOL WIHDOW
Tmin=-3 TTster=.85
Trmax=3 AMmln= -2
Tster=.,85 Kmax=18
AMin=-2 nscl=1
Amax=18 Ymin=-4
sscl=1 Ymax=18

+¥min= -4 Y=cl=1

This 1s a continuation of
the previous screen.

10
iy=Tz Yir=zT+z
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FINDING AN EQUIVALENT
RECTANGULAR EQUATION

Find a rectangular equation for the plane curve
defined as x =t>and y = 2t + 3 for tin [-3, 3].
(Example 1)

To eliminate the parameter t, solve either equation for t.

Since y = 2t + 3 leads to a unique solution for t, choose

that equation. y—3

y=2t+3:>t:T

2 _ 2
Thenx:tZ:x:(yT_?’) :(y 43) or4x:(y—3)2.

The rectangular equation is 4x = (y —3)2, for x in [0, 9].
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} Example 3 GRAPHING A PLANE CURVE DEFINED
PARAMETRICALLY

Graph the plane curve defined by x = 2 sin t,
y=3cost, fortin [0, 27].

x:23int:>sint:% and y:3cost:>cost:%.
sin®t +cos?t =1 Identity
x\2 (yY
5 +[§j =1 Substitution
2 2
XY _
4 g

This is an eIIipse centered at the origin with axes
endpoints (-2, 0), (2, 0), (0, =3), and (0, 3).
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} Example 3 GRAPHING A PLANE CURVE DEFINED
PARAMETRICALLY (continued)

x=2sinr}for

y=3cost]) tin|0, 27]
y
3 -
Alr=25in(T) Tr=3Cos(T)
} o x -5 S
-2 2
-3 "
2 2 : :
X + Yy 1 Parametric graphing mode
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p Note

Parametric representations of a curve
are not unique.

In fact, there are infinitely many
parametric representations of a given
curve.
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} Example 4 FINDING ALTERNATIVE PARAMETRIC
EQUATION FORMS

Give two parametric representations for the equation
of the parabola y = (x - 2)° +1.

The simplest choice Is
x=t y=(t=2)°+1fortin (s o).

Another choice is
Xx=t+2, y=t°+1 fortin (—oo,00).

Sometimes trigonometric functions are desirable.

One choice Is
x =tant+2, y = sec?t, for t in (—%%)
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The Cycloid

The path traced by a fixed point on the circumference
of a circle rolling along a line is called a cycloid.

A cycloid is defined by
x =at—asint, y =a—-acost, for t in (—co,).

Copyright © 2009 Pearson Addison-Wesley 8.6-13



The Cycloid

If a flexible cord or wire goes through points P and Q,
and a bead is allowed to slide due to the force of
gravity without friction along this path from P to Q, the
path that requires the shortest time takes the shape of

an inverted cycloid.

P Q

N
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SEEEIN GRAPHING A CYCLOID

Graph the cycloid x=t—-sint,y =1 —cost for
tin [0, 2.

Create a table of values.

T T 37

t 0 — — —
y 5 T 5 27
X =t-sint 0 .08 .0 T 9.7 27
y = 1-cost 0 3 1 2 1 0
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ISEEE GRAPHING A CYCLOID (continued)

Plotting the ordered pairs (X, y) from the table of

values leads to the portion of the graph for tin [0, 24].

4

Rip=T=5in(T) Yip=i-cosiT_

P(x, y) -
2
1 1 L
| > X 0 2 2 L

8.6-16
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Applications of Parametric

Equations

If a ball is thrown with a velocity of v feet per second
at an angle 6 with the horizontal, its flight can be
modeled by the parametric equations

x =(vcosh)t and y =(vsin@)t-16t* +h,
where t is in seconds, and h is the ball’s initial height
In feet above the ground.

y
A

Yo
\9 : Yo sin 6

= X

v, cos 6
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SIMULATING MOTION WITH
PARAMETRIC EQUATIONS

Three golf balls are hit simultaneously into the air at
132 feet per second (90 mph) at angles of 30°, 50°,
and 70° with the horizontal.

(a) Assuming the ground is level, determine graphically
which ball travels the farthest. Estimate this distance.

The three sets of parametric equations determined by
the three golf balls (h = 0) are

x; = (132c0s30°)t, y, = (1325sin30°)t — 16t°
X5 = (132c0s50°)t, y, = (132sin50°)t — 16t
X3 = (132c0s70°)t, y5 = (132sin70°)t — 16t
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IS0 o SIMULATING MOTION WITH
PARAMETRIC EQUATIONS (continued)
Graph the three sets of parametric equations using a

graphing calculator.
X3, Y3 X2, Y2 X1, )]

400

600

0

Using the TRACE feature, we find that the ball that

travels the farthest is the ball hit at 50 . It travels about
540 ft.
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“ISEEN SIMULATING MOTION WITH
PARAMETRIC EQUATIONS (continued)
(b) Which ball reaches the greatest height? Estimate
this height.

X3, V3 X2, Y2 X1, V]

400

600

0

Using the TRACE feature, we find that the ball that
reaches the greatest height is the ball hit at 70 . It
reaches about 240 ft.
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EXAMINING PARAMETRIC EQUATIONS
OF FLIGHT

Jack launches a small rocket from a table that is 3.36 ft

above the ground.

Its initial velocity Is 64 ft per sec,

and it is launched at an angle of 30 with respect to the
ground. Find the rectangular equation that models its

path. What type of

The path of the roc

nath does the rocket follow?

et is defined by

x = (64c0s30°)t, y = (64sin30°)t — 16t +3.36

or equivalently,

x =32/3t, y = —16t% + 32t + 3.36
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P Example 7 EXAMINING PARAMETRIC EQUATIONS
OF FLIGHT (continued)
x=32{3t=>t=
32\F

Substituting into the other parametric equation yields

2
\
- 16 32 3.36
/ [32\Fj T [32\D+

1 2.3
Yy="7g5X + 3 X +3.36

Because this equation defines a parabola, the rocket
follows a parabolic path.
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ANALYZING THE PATH OF A
PROJECTILE

Determine the total flight time and the horizontal
distance traveled by the rocket in Example 7.

From Example 7 (slide 21), we have
y =—16t° + 32t + 3.36

which tells the vertical position of the rocket at time t.

To determine when the rocket hits the ground, solve
0=-16t* + 32t +3.36

Copyright © 2009 Pearson Addison-Wesley



SEN N ANALYZING THE PATH OF A
PROJECTILE (continued)

~32+ /322 — 4(-16)(3.36)
) 2(-16)

_ =32£+/1239.04
-32

t=-.1(notvalid) or t=2.1

t

The flight time Is about 2.1 seconds.
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CISEER ANALYZING THE PATH OF A

PROJECTILE (continued)
Substitute 2.1 for t into the parametric equation that
models the horizontal position, x = 32+/3t.

x =(32./3)(2.1)=116.4

The rocket has traveled about 116.4 feet.

50

The solution can be verified
by graphing x = 32./3t and

y =162 + 32t + 3.36 PN

and using the TRACE feature. ~|I&i em vo |
-1

B
0
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